ABSTRACT. Sufficient conditions are obtained so that every solution of the neutral functional difference equation
Introduction
In this paper, sufficient conditions are obtained, so that every solution of ∆ m (y n − p n y τ (n) ) + q n G(y σ(n) ) − u n H(y α(n) ) = f n , (1.1) sequence of integers less than n. In this case, note that, there does not exist any positive integer k for which τ (n) = n − k. Hence our results generalize the corresponding results done for (1.1) when τ (n) = n − k. Then think about the inverse τ −1 of the function τ . Of course it always exists as a relation, but not necessarily as a function, because it may not be single valued. Hence if we define τ −1 (n) = min{τ −1 (n)} then τ −1 is a function such that τ (τ −1 )(n) = n. However, τ −1 (τ (n)) = n for every n. Hence, whenever, we require this condition we have to assume τ (n) is strictly increasing. Then of course τ −1 would exist as a function and τ −1 (τ (n)) = n. But in that case the utility of taking τ (n) in place of n − k is reduced, because, it seems difficult to find an example of a strictly increasing and unbounded function τ (n) other than of the form τ (n) = n − k where, k is a positive integer.
In the sequel, we shall need the following conditions. (H7) There exists a bounded sequence {F n } such that ∆ m F n = f n , and lim n→∞ F n = 0.
(H8) There exists a bounded sequence {F n } such that ∆ m F n = f n .
We assume that p n satisfies one of the following conditions in this paper.
(A1) 0 ≤ p n ≤ b < 1.
(A5) 0 ≤ p n ≤ b 2 < ∞.
Note that, the parameters b, b 1 , b 2 used in the conditions (A1)-(A7), are positive constants. Further note that we do not need the condition "xH(x) > 0 for x = 0"
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in the proofs of our results, however, one may assume that for technical reasons, to make (1.1), a neutral equation with positive and negative coefficients. In recent years, several papers on oscillation of solutions of neutral delay difference equations have appeared; (cf. [1, 2] , [11] - [22] ) and the references cited therein. In literature we find that (1.1) is very rarely studied. We may note that (1.1) is the discrete analogue of the equation
y(t) − p(t)y(r(t)) (m) + q(t)G(y(g(t))) − u(t)H(y(h(t))) = f (t). (1.2)
We feel, even (1.2) is not studied much for m > 2. The equation (1.1) reduces to ∆ m (y n − p n y n−k ) + q n G(y n−l ) − u n G(y n−r ) = f n , (1.3) for τ (n) = n − k, σ(n) = n − l, α(n) = n − r. Recently, in [14, 15] the authors obtained the oscillation and non-oscillation criteria for oscillation of ∆(y n − p n y n−k ) + q n G(y n−l ) − u n G(y n−r ) = f n .
(1.4)
The same equation (1.4) with several delay terms, under the restriction G(u) ≡ u, is studied in [16] . In [17] the authors have obtained oscillation and non-oscillation results for (1.4) under restrictions G(u) ≡ u and f n ≡ 0. Sufficient conditions for oscillation of 5) are obtained in [19] . In that paper, p n is confined to (A2) only and G is restricted with a sublinear condition
In [21] the authors studied
where α < 1, is a quotient of odd integers and p n satisfies (A1) or (A2). They obtained the sufficient conditions of oscillation of (1.7) under the conditions 9) and presented the following results. We may note that, for m ≥ 2, (H4) implies (H6) and if α < 1 then (1.8) implies (H4) for m ≥ 2−α 1−α . Further, all the equations, (1.3)-(1.5) and (1.7) are particular cases of (1.1). The results in [19, 21] do not hold for a class of equations, where G is either linear or super linear, i.e.; for example when G(u) = u or G(u) = u 3 . Here in this paper an attempt is made to fill this existing gap in literature and obtain sufficient conditions for oscillation of solutions of a more general equation (1.1) under the weaker conditions (H4) or (H6). Moreover, we observe that the existing papers in the literature do not have much to offer when p n satisfies (A4), (A6) or (A7). In this direction we find that, the authors in [12] have obtained sufficient conditions for the oscillation of solutions of the equation (i) Every solution of (1.10) oscillates for m even.
(ii) Every solution of (1.10) oscillates or tends to zero as n → ∞ if m is odd.
Unfortunately, the following example contradicts the above theorems of [12] . [19, 21] do not hold when p n is in (A4) or (A7).
The authors of the papers [12, 19, 21] have studied sub-linear equation, and their results do not hold for linear or super linear equations (i.e. (1.5) satisfying (H3) or (1.7) with α ≥ 1). In this paper we study (1.1) with p n in all possible ranges and the neutral equation (1.5), as a particular case of (1.1), could be linear or super-linear. Our results hold good for G(u) ≡ u, f n ≡ 0 and u n ≡ 0. The last but not the least, this paper corrects, generalizes and improves some of the results of [11, 12, 14, 16, 17, 19, 21] .
Let N 1 be a fixed nonnegative integer.
By a solution of (1.1) we mean a real sequence {y n } which is defined for all positive integer n ≥ N 0 and satisfies (1.1) for n ≥ N 1 . Clearly, if the initial condition
is given then the equation (1.1) has a unique solution satisfying the given initial condition (1.13). A solution {y n } of (1.1) is said to be oscillatory if for every positive integer n 0 ≥ N 1 , there exists n ≥ n 0 such that y n y n+1 ≤ 0, otherwise {y n } is said to be non-oscillatory.
Some lemmas
In this section we present some lemmas that would be used for our results in next section. The following lemma which can be easily proved, generalizes [ 
and
Ò Ø ÓÒ 2.1º Define the factorial function (cf. [8, page 20] ) by
where k ≤ n and n ∈ Z and k ∈ N. Note that
Then we have ∆n
where n ∈ Z, k ∈ N and ∆ is the forward difference operator. One can show, by summing up (2.1) that
holds. Now set
Here, we evaluate b k by recursion. Clearly, for k = 1 in (2.3), we have
By (2.2) and for k = 2 in (2.3), we get (2) .
Note that 1 (2) = 0. By (2.2) and for k = 3 in (2.3), we get
.
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Using a simple induction, we obtain
Ä ÑÑ 2.3º Let p ∈ N and x(n) be a non oscillatory sequence which is positive for large n. If there exists an integer
6) for all sufficiently large n.
or simply
Summing up (2.7) from n to ∞, we get
Again summing up (2.8) from n to ∞, we obtain
By the emerging pattern, we have
Then by letting j = p 0 + 1, we get
Summing up (2.9) from n to ∞ and arranging we get
From (2.4) and (2.10) it follows that
Hence the Lemma is proved.
Ä ÑÑ 2.4º If {w n } is a sequence of real numbers such that
P r o o f. From the given conditions, it is clear that, ∆ p−1 w n is increasing. Hence, we can find n 1 ≥ n 0 and a scalar A > 0 such that n ≥ n 1 implies
Choose k ≥ n 1 + 1. Then summing (2.11) from n = n 1 to k − 1, we obtain
for k ≥ n 1 +1. First taking n ≥ n 1 +2 and then summing up the above inequality from k = n 1 + 1 to n − 1 we obtain
2 ,
Continuing the above iteration p − 3 times more and using (2.2), we easily find
r , it follows from the above inequality that
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for n ≥ n 1 +p−1. Clearly, lim
Remark 2.1º
Suppose that {w n } is a real sequence and L is a positive scalar and defined as in Lemma 2.4. If {z n } is a sequence, which satisfies the condition that z n ≥ w n − ε for n ≥ n 3 ≥ n 2 , where ε > 0 is any preassigned arbitrary positive number, then there exists a positive scalar C < L and a positive integer
Ä ÑÑ 2.5º ( [9] ) If u n and v n are two positive term series such that
where l is a non-zero finite number, then the two series converge or diverge
Remark 2.2º
Since (n− r +1) r < n (r) < n r for r ≤ n, the following conclusions follow directly from Lemma 2.5.
(i) (H4) holds if and only if
(ii) (H5) holds if and only if
(iii) (H6) holds if and only if
Remark 2.3º If the condition
Indeed, using Lemma 2.5 and Remark 2.2, we define
Then ∆ m F n = f n and lim n→∞ F n = 0. We may observe that, (H7) implies (H8).
Further, (H7) implies and is implied by the following condition there exists a bounded sequence {F n } such that ∆ m F n = f n , and lim
In fact, the implies part is obvious. Conversely, if lim
Before we state and prove our last lemma in this section we have to prepare some ground work for the purpose. In order to move in that direction, let y = y n be an unbounded non-oscillatory solution of (1.1) for n ≥ N 1 . Define for n ≥ n 0 ,
Further, assuming that (H2) and (H5) hold, we define for n ≥ n 0
Set,
Now we state our lemma.
Ä ÑÑ 2.6º Suppose that p n satisfies the condition (A7). Assume that there exists a positive integer
hold. Then for every non-oscillatory solution y n of (1.1) with z n , T n , and w n defined as in (2.12), (2.13) and (2.15) respectively, either lim n→∞ w n = 0 or lim n→∞ w n = −∞. P r o o f. Let y n be an eventually positive solution of (1.1) for n ≥ n 0 ≥ N 1 . Then for n ≥ n 0 , using (2.12)-(2.15) in (1.1), we obtain
Hence w n , ∆w n , ∆ 2 w n , . . . , ∆ m−1 w n are monotonic for n ≥ n 1 and of one sign. From (2.13) it follows, due to (H2), (H5), Lemma 2.5 and Remark 2.2, that
Consequently, lim
where −∞ ≤ λ ≤ ∞. By the method of contradiction, we show that λ = ∞. Suppose that λ = ∞. Then w n > 0 and ∆w n > 0 for n ≥ n 1 . Due to (2.16) and Lemma 2.2, it follows that there exists n 2 > n 1 and an integer p, 
In view of Lemma 2.5 and Remark 2.2, we have
From this, it follows, due to (H6), that lim inf can find M 0 > 0 such that w n > M 0 n p−1 for n ≥ n 3 ≥ n 2 . For any 0 < ε, from (2.15) it follows due to (H7) and (2.17) that z n ≥ w n − ε for large n. From this, it follows, again by Remark 2.1 that there exists M 1 , with 0 < M 1 < M 0 , and
due to (A7). Let,
If p is odd, then we may write
if and only if
If p is even then we put the terms in pair as above with the last single positive term (−1)
and for p = 1, βn < A(n) 
for n ≥ n 1 , where n 1 is some large positive integer. Thus,
Using Lemma 2.5 and Remark 2.2 in the above inequality, we obtain 
Sufficient conditions
In this section, we present the results to find sufficient conditions so that every solution of (1.1) oscillates or tends to zero as n → ∞.
Ì ÓÖ Ñ 3.1º Let m ≥ 2. Suppose that, p n satisfies one of the conditions (A1)
or (A2). If (H0)-(H5) and (H8) hold, then every unbounded solution of (1.1) oscillates. P r o o f. Let y = y n be an unbounded non-oscillatory solution of (1.1) for n ≥ N 1 . Then y n > 0 or y n < 0. Suppose y n > 0 eventually. There exits a positive integer n 0 , and y n > 0, y τ (n) > 0, y σ(n) > 0 and y α(n) > 0 for n ≥ n 0 ≥ N 1 . Using the assumptions (H2) and (H5), for n ≥ n 0 , we set z n , T n , and w n as in (2.12), (2.13), and (2.15) to obtain (2.14) and (2.16). Hence w n , ∆w n , . . . ∆ m−1 w n are monotonic and of one sign for n ≥ n 1 ≥ n 0 . Then lim n→∞ w n = λ, where −∞ ≤ λ ≤ +∞. From (2.13) it follows, due to (H2), (H5), Lemma 2.5 and Remark 2.2, that (2.17) holds. Since y n is unbounded, there exists a subsequence {y n k } such that
and y(n k ) = max{y n :
We may choose n k large enough so that τ (n k ) ≥ n 1 , σ(n k ) ≥ n 1 and α(n k ) ≥ n 1 . Then from (2.17) and (H8) it follows that, for 0 < ε, we can find a positive integer n 2 such that k ≥ n 2 ≥ n 1 implies |T n k | < ε and |F n k | < γ, for some constant γ > 0. Hence for k ≥ n 2 , if (A1) holds, then we have
Similarly, if (A2) holds, then for k ≥ n 2 , we have
Taking k → ∞, we find lim n→∞ w n = ∞, because of the monotonic nature of w n . Hence w n > 0, ∆w n > 0 for n ≥ n 2 ≥ n 1 . Since ∆ m w n ≡ 0 and is in negative, it follows from Lemma 2.2 that there exists a positive integer p such that m − p is odd and for n ≥ n 3 ≥ n 2 , we have ∆ j w n > 0 for j = 0, 1, . . . , p and 
for n ≥ n 3 . Then we claim lim inf (σ n ) p−1 > γ for n ≥ n 5 . Due to (H1), we find n 6 and a positive scalar µ such that n ≥ n 6 ≥ n 5 implies σ(n) > µn. Consequently, for n ≥ n 6 , we have Set, for n ≥ n 4 ,
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It is clear from (H8), (2.17) and lim
Then we have 1 = lim
Since {w n } is a increasing sequence, then
Hence it is clear that if p n satisfies (A1) or (A2) then p * n also satisfies (A1) or (A2) accordingly. Hence use of Lemma 2.1 yields, due to (3.2), that
a contradiction to (3.3). Hence the unbounded solution {y n } cannot be eventually positive. Next, if y n is an eventually negative solution of (1.1) for large n then we set x n = −y n to obtain x n > 0 and then (1.1) reduces to (H8) There exists a bounded sequence {F n } such that ∆ m (F n ) =f n .
Proceeding as in the proof for the case y n > 0, we obtain a contradiction. Hence y n is oscillatory and the proof is complete.
The following example illustrates the above theorem.
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Example 3.1. The neutral equation
satisfies all the conditions of Theorem 3.1. Hence, all the unbounded solutions are oscillatory. As such, y n = (−2) n , is an unbounded solution, which oscillates. But the results of [19, 21] cannot be applied to this equation, because G(u) = u is linear.
Ì ÓÖ Ñ 3.2º Let m ≥ 2. Suppose that, p n satisfies one of the conditions (A1)-(A4). If (H0) and (H5)-(H7) hold, then every bounded solution of (1.1) oscillates or tends to zero as n → ∞. P r o o f. Let y = y n be a bounded solution of (1.1) for n ≥ N 1 . If it oscillates then there is nothing to prove. If it does not oscillate then y n > 0 or y n < 0 eventually. Suppose y n > 0 for large n. There exists a positive integer n 0 and y n > 0, y τ (n) > 0, y σ(n) > 0 and y α(n) > 0 for n ≥ n 0 ≥ N 1 . Set z n , T n and w n as in (2.12), (2.13) and (2.15) respectively, to obtain (2.14) and (2.16). Note that T n is well defined due to the boundedness of y n and satisfies (2.17). Then w n , ∆w n , . . . , ∆ m−1 w n are monotonic and of one sign for n ≥ n 1 ≥ n 0 . Since y n is bounded, z n and w n are bounded. Using (2.17), (H7) and monotonic nature of w n , we obtain lim 
This implies lim sup n→∞ y n = 0. Hence y n → 0 as n → ∞. If p n is in (A2) or (A3) then, since y n ≤ z n , it follows that y n → 0 as n → ∞. If p n satisfies (A4), then z n ≤ y n − b 2 y τ (n) . Hence, it follows that
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Then lim sup n→∞ y n = 0. Thus, lim n→∞ y n = 0. If y n is eventually negative for large n, then we may proceed with x n = −y n as in the proof of the Theorem 3.1 and note that, x n is a positive solution of (3.4) with (3.5) and (3.6). Moreover, the condition (H0) along with the following one holds.
(H7) There exists a bounded sequenceF n such that ∆ mF n =f n and lim n→∞F n = 0.
Then proceeding as above, we prove lim n→∞ y n = 0. Thus the theorem is proved.
Remark 3.1º
The above theorem holds when G is linear, super linear, or sublinear.
Next, we give few examples to establish the significance of our results.
Example 3.2. Consider the neutral equation
where m ≥ 2, α is a positive rational, being the quotient of two odd integers.
Here, p n = 1 2 , satisfies (A1) and
Hence by Remark 2.3, it follows that
Obviously, |F n | < ∞. Hence the equation (3.8) satisfies all the conditions of Theorem 3.2. Hence every bounded non-oscillatory solution tends to zero as n → ∞. In particular y n = 2 −n is a solution of (3.8), which tends to zero as n → ∞. If α ≥ 1, then (3.8) does not come under the purview of the results in [19, 21] , hence those results fail to deliver any conclusion. 
where m ≥ 2, α is a positive rational, which is the quotient of two odd integers. Here, p n = − . Hence y n = 2 −n is a solution of (3.9), which tends to zero as n → ∞. If α ≥ 1, then results of [19, 21] cannot be applied to (3.9) . Further, if α < 1 then neither Theorem 1.1(b) nor [19, Corollary 3] can be applied, because (1.8) does not hold. Thus Theorem 3.2 along with Theorem 3.1 of this paper improves and generalizes Theorem 1.1(b) and [19, Corollary 3] .
Example 3.4. Consider the equation
where α is a positive rational, being the quotient of two odd integers. Here, p n = 0, satisfies (A1) and (A2) and
. It is easy to verify that Further assume that
Then every solution of (1.1) oscillates or tends to zero as n → ∞.
P r o o f. Let y = {y n } be an eventually positive solution of (1.1) for n ≥ n 0 ≥ N 1 . Then set z n , T n , and w n as in (2.12), (2.13) and (2.15) respectively to get (2.16) for n > n 1 ≥ n 0 . Hence w n , ∆w n , ∆ 2 w n , . . . , ∆ m−1 w n are monotonic and of one sign for n ≥ n 1 . As (2.17) holds, from (H7), it follows that (2.18) holds i.e.; 
Note that, since τ (n) is monotonic increasing, its inverse function
Then replacing i by τ (i) in the above inequality and multiplying by the scalar G(b 2 ), we obtain
where This with the use of (H10) yields
Since σ(τ (i)) = τ (σ(i)), the above inequality takes the form implies (H11). Further the condition (3.16) implies (1.11). However, if q n is monotonic then both (3.16) and (1.11) are equivalent. Indeed, if q n is decreasing then q * n = q n . Hence the equivalence of (3.16) and (1.11) is immediate. On the other hand if q n is increasing then assume that (1.11) holds. Then q * n = q τ (n) . Hence q k = ∞. Thus, (3.16) and (1.11) are equivalent, when q n is monotonic. Now we quote a result from [12] , which uses the condition (3.16).
Ì ÓÖ Ñ 3.5º ([12, Theorem 2.10]) Let p n be in (A5) and r ≥ k. If (1.6) and (3.16) hold then every solution of (1.10) oscillates.
Remark 3.4º
First of all, we note that the above theorem holds for sublinear equations. It does not hold for linear or super linear equations. However, Theorem 3.4 holds for linear and super linear equations, to complement Theorem 3.5. It is important to note that our Example 1.1 contradicts the above theorem, because, from the neutral equation (1.12), we find q n = 4 (n+1)/3 , which is monotonic. Clearly, (1.11) holds, which is equivalent to (3.16) . Thus the neutral equation (1.12) satisfies all the conditions of the Theorem 3.5, but it has a solution y n = 2 n , which does not oscillate. Thus the Theorem 3.5 is contradicted. Hence one may find a result similar to Theorem 3.5 for sublinear equations. We conclude this paper with two open problems which may be helpful for further research.
ÈÖÓ Ð Ñ 3.1º Can we do the Theorem 3.3 under a condition weaker than (H11)?
